In 1966 Gallai asked whether all longest paths in a connected graph have nonempty intersection. This is not true in general and various counterexamples have been found. However, the answer to Gallai's question is positive for several well-known classes of graphs, e. g. outerplanar graphs, split graphs, circular-arc graphs, and 2-trees. We present a proof that all series-parallel graphs have a vertex that is common to all of its longest paths. Since 2-trees are maximal series-parallel graphs, and outerplanar graphs are also series-parallel, our result captures these two classes in one proof, and strengthens them to a larger class of graphs. We also comment on how this vertex can be found in quadratic time.
Introduction
A path in a graph is a longest path if there exists no other path in the same graph that is strictly longer. The study of intersections of longest paths has a long history and, in particular, the question whether every connected graph has a vertex that is common to each of its longest paths was raised by Gallai [7] in 1966. For some years it was not clear whether the answer is positive or negative until, finally, Walther [20] found a graph on 25 vertices that negates Gallai's question.
Today, the smallest known graph answering Gallai's question negatively is a graph on 12 vertices, independently found by Walther [21] and Zamfirescu [23] (see Figure 1) . To see that the depicted graph does not have a vertex common to all longest paths, one can identify the three leaves to obtain the Petersen graph. Since the Petersen graph is hypohamiltonian, meaning that it does not have a Hamiltonian cycle but every vertex-deleted subgraph is Hamiltonian, it follows firstly that the length of a longest path is at most 9 (and it is exactly 9) and secondly that the intersection of all longest paths is empty. Note that the length of a longest path in the depicted graph can be at most 10 since at most two of its three leaves can be contained in a longest path. But any path of length 10 in the depicted graph would correspond to a Hamiltonian cycle in the Petersen graph.
These are by far not the only counterexamples. In fact, there are infinitely many (even planar) ones since every hypotraceable graph, meaning a graph having no Hamiltonian path whose all vertex-deleted subgraphs have a Hamiltonian path, is obviously a counterexample. Thomassen proved in [18] that there are infinitely many of such graphs.
Since the answer to Gallai's question is negative in general, it seems natural to restrict the problem to subsets of a fixed size of all longest paths. It is well-known and straightforward to verify that any two longest paths of a connected graph share a common vertex. However, considering the intersection of more than two longest paths gets more intriguing. It is still unknown whether any three longest paths of every connected graph share a common vertex. Zamfirescu asked this question several times [19, 24] and it was mentioned at the 15th British Combinatorial Conference [5] . It is presented as a conjecture in [9] and as an open problem in the list collected by West [22] . Progress in this direction was made by de Rezende, Martin, Wakabayashi, and the second author [6] who proved that if all non-trivial blocks of a connected graph are Hamiltonian, then any three longest paths of the graph share a vertex. Skupień [16] showed that for every p ≥ 7, there exists a graph such that p longest paths have no common vertex and every p − 1 longest paths have a common vertex.
Even though it seems as if the property of having a vertex common to all longest paths is too strong, there are some classes of graphs for which this property holds. A simple example is the class of trees since in a tree all longest paths contain its center(s). Moreover, Klavžar and Petkovšek [13] proved that if a graph is a split graph, the intersection of all longest paths of G is nonempty. Furthermore, they showed in [13] that if every block of a connected graph G is Hamilton-connected, almost Hamilton-connected or a cycle, then there exists a vertex common to all its longest paths. The latter result implies immediately that the answer to Gallai's question is positive for the class of cacti, where a graph is a cactus if and only if every block is either a simple cycle or a single edge. In 2004, Balister, Győri, Lehel, and Schelp showed a similar result in [3] for the class of circulararc graphs. De Rezende, Martin, Wakabayashi, and the second author recently proved the following two theorems.
Theorem 1 ([6])
For every connected outerplanar graph, there exists a vertex common to all its longest paths.
Theorem 2 ([6])
For every 2-tree, there exists a vertex common to all its longest paths.
Theorem 1 is a generalization of a theorem by Axenovich [2] , which states that any three longest paths in a connected outerplanar graph share a vertex.
In this paper we treat the general case of nonempty intersection of all longest paths and prove that the answer to Gallai's question is positive for the class of connected series-parallel graphs settling a question raised in [6] . Since not only all trees and cacti but also outerplanar graphs and 2-trees are series-parallel, our result gives a unified proof for Theorems 1 and 2 and generalizes them to a larger class of graphs.
The rest of the paper is organized as follows. In Section 2 we give essential definitions and prove three statements that will be useful in what follows. In Section 3 we prove the main theorem by proceeding in three steps. First we fix a 2-tree that has the given series-parallel graph as a spanning subgraph. The main obstacle here is that, since we work on subgraphs, we are not aware of which edges of the corresponding 2-tree truly exist in our setting, so the techniques used for 2-trees in [6] fail. Therefore, we are somehow obliged to work with edges that exist in the corresponding 2-tree and may or may not exist in the series-parallel graph that we consider. Roughly, the only things that we can rely on are the facts that our graph is connected, that two longest paths mutually intersect, and on the special structure of the so-called components of series-parallel graphs. In Subsection 4 we show that finding a vertex contained in all longest paths can be done in quadratic time for series-parallel graphs. Finally, in Section 5 we state several open problems concerning the intersection of longest paths in specific classes of graphs.
Preliminaries and definitions
We start with a few basic definitions which we use in the subsequent part of our paper. All graphs in this paper are undirected and finite. We write H ⊆ G if the graph H is a subgraph of the graph G. Also, we denote by V (G) the set of vertices of G.
A series-parallel graph is a K 4 -minor free graph. A series-parallel graph is trivial if it consists of a single vertex or a single edge. A 2-tree is an edge-maximal series-parallel graph. (See [10] .) An alternative definition of a 2-tree with at least two vertices is given by the following recursion. A single edge is a 2-tree. If T is not a single edge, then T is a 2-tree if and only if there exists a vertex v of degree 2 such that its neighbors are adjacent and T − v is also a 2-tree. Note that every edge in a non-trivial 2-tree is contained in a triangle.
Next we present some notation we use in our proofs.
The length of a path P, which is the number of edges in P, is denoted by |P|. Let = (G) = {P | P is a path in G and path P in G : |P | > |P|} denote the set of all longest paths in the graph G. Let L = L(G) denote the length of a longest path in G. Again, we possibly omit the parameter G.
By the intersection P ∩ P of two paths P and P we mean the intersection of their vertex sets. If v is a vertex of the path P, we write v ∈ P. If P and P have a common endpoint x but no other common vertex, then the union P ∪ P is simply defined as the path obtained by concatenating the path P and the path P at the vertex x.
Given a vertex x in a path P, path P can be split into two subpaths P and P such that P ∩ P = {x}; we call them parts of P starting at x. If |P | ≥ |P |, then P is called a longer part of P starting at x.
Given a second path Q such that Q ∩ P = ∅ and such that at least one endpoint x of P is not contained in Q, we define the bridge path P x Q as the path starting in the endpoint x going along P until the first intersection with Q.
For some subgraph H, we define P[H] to be the induced subgraph of P in H, i. e. the collection of (maximal) subpaths of P that lie in H. Note that this might be more than one path.
Let T be a non-trivial 2-tree and {x, y} ∈ E(T ). For every common neighbor z of x and y, define C In what follows, for a series-parallel graph G = (V, E), we let T (G) = (V, F ) denote a fixed 2-tree that contains G as a spanning subgraph.
We extend our notion of components and also denote by C {x, y},z (G) the maximal subgraph of G contained in C {x, y},z (T (G)). Note that such a subgraph of G may be disconnected. If the graph parameter is clear from the context, we omit it and write C {x, y},z = C {x, y},z (G).
We say a virtual edge/triangle of G is an edge/triangle in T (G) independent of its existence in G. Virtual edges which are not present in G are called missing edges.
If W is a Gallai set and if its vertices are pairwise connected by a virtual edge, we call this set a virtual Gallai edge and a virtual Gallai triangle, when W has size two or three, respectively.
We say a vertex v ∈ V is a Gallai vertex if {v} is a Gallai set. Note that the intersection of all longest paths of a graph G is nonempty if and only if G has a Gallai vertex.
For a given virtual edge {v 1 , v 2 } we define the following three sets. Let *
For a given virtual triangle {v 1 , v 2 , v 3 } we define the following sets for all {i, j, k} = {1, 2, 3}. Let . Any path P ∈ i, j,k will be split analogously into P (i) ,
, and P (k) (see Figure 2) .
Figure 2: Splitting P 3 ∈ 1,2 at vertices v 1 and v 2 , and P ∈ 1,2,3 at vertices v 1 , v 2 , and v 3 .
We end this section with the following auxiliary results that will be useful in Section 3. Note that they hold for general graphs, not only for series-parallel graphs. 
Lemma 3
In a graph, let P 1 and P 2 be two paths with parts T 1 and T 2 , respectively (i. e. subpaths containing an endpoint of P 1 or P 2 ) such that T 1 ∩ P 2 = ∅ and T 2 ∩ P 1 = ∅. If there exists a connecting path P, such that ∅ = P ∩ P 1 ⊆ T 1 and ∅ = P ∩ P 2 ⊆ T 2 , then P 1 and P 2 cannot both be longest paths.
Proof. Assume for a contradiction that both P 1 and P 2 are longest paths. For i ∈ {1, 2}, let T i denote the other part of P i such that P i = T i ∪ T i and T i and T i intersect in only one vertex. By assumption, both T 1 and T 2 intersect P. Hence, there exist vertices x and y such that x ∈ T 1 ∩ P, y ∈ T 2 ∩ P, and the interior of the subpath of P starting at x and ending in y does not contain vertices in T 1 or T 2 . Let Q 1 denote the path obtained from going along T 1 , along T 1 until x, along the connecting part of P until y, and then along T 2 until the end that is not in T 2 . Let Q 2 denote the path obtained from going along T 2 , along T 2 until y, along the connecting part of P until x, and then along T 1 until the end that is not in T 1 . Now
Lemma 4
In a graph, let P 1 and P 2 be two paths that share a common vertex z and let T 1 and T 2 be two subpaths of P 1 and P 2 , respectively, both having an endpoint in z, such that T 1 ∩ P 2 = {z} and T 2 ∩ P 1 = {z}. If there exists a connecting path P, such that z / ∈ P, ∅ = P ∩ P 1 ⊆ T 1 , and ∅ = P ∩ P 2 ⊆ T 2 , then P 1 and P 2 cannot both be longest paths.
Proof. Assume for a contradiction that both P 1 and P 2 are longest paths. By assumption, both T 1 and T 2 intersect P in a vertex other than z. Hence, there exist vertices x and y distinct from z such that x ∈ T 1 ∩ P, y ∈ T 2 ∩ P, and the interior of the subpath of P starting at x and ending in y does not contain vertices in T 1 or T 2 . LetT 1 denote the path starting at z, going along T 1 , and ending in x, and letT 2 denote the path starting at z, going along T 2 , and ending in y. Let T 1 and T 2 denote the parts of P 1 and P 2 starting at z not containing T 1 and T 2 , respectively. If |T 1 | ≥ |T 2 |, then by combining T 2 ,T 1 , the part of P starting at x and ending in y, and the part of P 2 starting at y and not containing z, we get a path strictly longer than P 2 , a contradiction. If, on the other hand, |T 1 | < |T 2 |, then by combining T 1 ,T 2 , the part of P starting at y and ending in x, and the part of P 1 starting at x and not containing z, we get a path strictly longer than P 1 , a contradiction.
In some points of the next proofs, we are in a situation where one of the two lemmas above apply. The next corollary describes this situation. 
Corollary 5
In a graph, let P 1 and P 2 be two paths that share a common vertex z and let T 1 be a part of P 1 starting at z. Let T 2 be a union of pairwise internally vertex disjoint subpaths of P 2 (i. e. they may have common endpoints) such that all paths in T 2 have an endpoint in z or in an endpoint of P 2 . Further, let T 1 ∩ P 2 = {z} and T 2 ∩ P 1 ⊆ {z}. If there exists a connecting path P, such that z / ∈ P, ∅ = P ∩ P 1 ⊆ T 1 , and ∅ = P ∩ P 2 ⊆ T 2 , then P 1 and P 2 cannot both be longest paths.
Proof. There exist vertices x ∈ P ∩ T 1 and y ∈ P ∩ T 2 such that the interior of the subpath P x, y starting at x and ending in y does not contain any other vertices in P 1 or P 2 . Let T 2 be the path in T 2 that contains y. If T 2 contains z then the statement follows from Lemma 4 for longest paths P 1 and P 2 with their subpaths T 1 and T 2 , respectively, and connecting path P x, y .
Otherwise, the statement follows from Lemma 3 again for longest paths P 1 and P 2 , parts T 1 and T 2 , and connecting path P x, y .
Intersection of longest paths in series-parallel graphs
As we have already mentioned in Section 1, de Rezende, Martin, Wakabayashi, and the second author [6] proved that the intersection of all longest paths of a 2-tree is nonempty. In this section, we extend this result proving that even all connected subgraphs of 2-trees, i. e. seriesparallel graphs, have also this property. We proceed in four steps. First, we prove in Lemma 6 that there exists a virtual Gallai triangle. Then, we show in Lemma 7 that actually one virtual edge of this triangle is a virtual Gallai edge and there exists a component generated by this virtual edge that satisfies certain properties. In Lemma 9 we prove that, given such a virtual Gallai edge (without a Gallai vertex) and such a component, we can find an adjacent virtual Gallai edge and a strictly smaller component satisfying the same properties. By iterating, we end up with a Gallai vertex since we only consider finite graphs.
Lemma 6
In every non-trivial connected series-parallel graph G, there exists a virtual Gallai triangle.
Proof. Take any virtual triangle T 0 of a non-trivial connected series-parallel graph G. Assume that there exists a longest path P 0 in G containing no vertex of T 0 . This path must lie in exactly one component C 0 = C e 0 ,z 0 generated by a virtual edge e 0 ⊆ T 0 with z 0 ∈ T 0 the vertex (adjacent in T (G) to both endpoints of e 0 ) defining the direction of C 0 . Because all longest paths must intersect P 0 , they have at least one vertex in the interior of this component. Note that T 1 = e 0 ∪ {z 0 } is a triangle in T (G) and thus a virtual triangle in C 0 . Now either all longest paths contain a vertex of T 1 or there is a longest path P 1 in exactly one component C 1 = C e 1 ,z 1 generated by e 1 ⊆ T 1 with z 1 ∈ T 1 . Note that e 1 = e 0 and C 1 C 0 , as
Iteratively, obtain T 2 and C 2 and eventually a strictly decreasing sequence of components C 0 C 1 C 2 · · · C k . Since G is finite, this process ends with some triangle T = T k such that all longest paths contain one vertex of T .
Lemma 7
For every connected series-parallel graph G = (V, E), there exists a Gallai vertex or a virtual Gallai edge w = {w 1 , w 2 } and a component C ∈ w such that for every pair
Before presenting the proof of the lemma above, we prove an intermediate result.
Lemma 8
Let T = {v 1 , v 2 , v 3 } be a virtual Gallai triangle in a non-trivial connected series-parallel graph G. If 1,2 , 1,3 , 2,3 = ∅, then there exist {î,,k} = {1, 2, 3} and a component C ∈ {vˆ,vk}|vˆı , such that for every pair
there exists a vertex v ∈ C • such that v ∈ P ∩ P .
Proof (Lemma 8)
Let P ∈ 1,2 ∪ 2,3 ∪ 1,3 and i ∈ {1, 2, 3} be such that v i is in P and P
is as long as possible. Without loss of generality, we may assume P ∈ 1,2 and i = 1. In what follows, we use P i to refer to an arbitrary path in j,k where {i, j, k} = {1, 2, 3}.
First note that P (1) intersects every P
1 is a path strictly longer than L by the choice of P. Thus, P
(1) must lie in a component C ∈ {v 1 ,v 3 }|v 2 . We will prove that C has the property stated in the lemma.
We start by proving that each P
3 intersects every P
1 . Observe that |P
(1)
3 would be a path strictly longer than L. So the argument previously applied to P, now with P 3 instead, implies that each P (1) 3 intersects every P (3)
1 . Now we prove that each path in 1,2 ∪ 2,3 intersects every path in 1,3 ∪ . First note that each
is a path strictly longer than L by the choice of P. As both 1,3 and 2,3 are nonempty, there exist at least one such Q and one such P 1 . So Q and P 
1 and Q (1, 3) , z = v 3 , and a connecting path contained in P
3 . Second, we prove that each P
and P
2 is a path strictly longer than L by the choice of P. If
is a path strictly longer than L. So P
1 and Q must intersect in C • , otherwise we derive a contradiction from Corollary 5 for longest paths P 1 and Q with z = v 3 , part P
, subpaths Q[C], and connecting path P
1 is a path strictly longer than L by the choice of P. So P and Q must intersect in C • , otherwise we derive a contradiction from Corollary 5 for longest paths P 3 and Q with z = v 1 , part P
, subpaths Q[C]
, and connecting path P
1 .
Proof (Lemma 7)
If G is trivial, there exists a Gallai vertex. Otherwise, let T = {v 1 , v 2 , v 3 } be a virtual Gallai triangle, which exists by Lemma 6.
First, we show that at least one of the edges of T is a virtual Gallai edge. Assume for a contradiction that no edge of T is a virtual Gallai edge. Then there are three longest paths P 1 ∈ 1 , P 2 ∈ 2 , and P 3 ∈ 3 with respect to T . Thus, there exist three distinct components C 1,2 , C 1,3 , and C 2,3 generated by the virtual edges of T such that all intersection points of P i and P j lie in the component C i, j . Without loss of generality, let
and a longer part of P 3 we obtain a path strictly longer than L, a contradiction. So, there exists a virtual Gallai edge in T .
If all edges of T are virtual Gallai edges, then 1 = 2 = 3 = ∅. If further at least one among 1,2 , 1,3 , 2,3 is empty, then one of the vertices in T is a Gallai vertex. Otherwise, we are in the situation of Lemma 8 and the statement of the lemma follows immediately.
So, without loss of generality, we may assume {v 1 , v 2 } is a virtual Gallai edge. Hence, 3 = ∅. Let P 1 ∈ 1 ∪ 2 and i ∈ {1, 2} be such that P 1 has a part starting at v i that is as long as possible. Without loss of generality, we may assume i = 1 and thus P 1 ∈ 1 . Let P 1 be such a longer part.
(If both parts of P 1 starting at v 1 have same length, choose P 1 to be any one of them.) Let P 1 be the other part of P 1 
Figure 5: Left: P 2 and Q do not intersect in C (apply either Lemma 3 or Corollary 5); Right: P 2 intersects both parts of Q outside of C (apply Lemma 4).
Next, we prove that each path in * intersects every path in * 1 . If * = ∅, let P be a path in * and Q 1 in *
and note that such a longest path must exist. Since P 2 intersects Q 1 in C
• and P in C • , we derive a contradiction from Corollary 5 for longest paths Q 1 and P with z = v 1 , a suitable part of Q 1 starting at v 1 , subpaths P[C], and a connecting path contained in P 2 [C].
Lemma 9
In a non-trivial connected series-parallel graph G, let w = {v 1 , v 2 } be a virtual Gallai edge and C ∈ w be a component such that all pairs of longest paths mutually intersect in at least one vertex of C and all pairs of longest paths in * Then v 1 , v 2 , or v 3 is a Gallai vertex, or we can find a new virtual edge w incident to v 1 or v 2 and a component C 1 C, C 1 ∈ w with the properties of Lemma 7.
Proof. In what follows, * 1 , * 2 , and * refer to the edge {v 1 , v 2 } and i , i, j , and refer to the triangle {v 1 , v 2 , v 3 } for i, j ∈ {1, 2, 3}. Assume neither v 1 nor v 2 are Gallai vertices (otherwise there is nothing more to prove). Thus, both * 1 and * 2 are nonempty. All pairs of paths in * 1 × * 2 mutually intersect in C
• by the assumptions of the lemma. This means that all paths in * 2 or all paths in * 1 must contain v 3 and without loss of generality we assume the latter. Therefore, 1 = ∅ and {v 2 , v 3 } is a virtual Gallai edge.
We distinguish two cases. First, we consider the case that there exists a path in * 2 that does not contain v 3 (that is, a path in 2 ) and then the case that all paths in * 2 contain v 3 (that is, 2 = ). In both cases we show that either there exists a Gallai vertex, or a virtual Gallai edge and a component strictly smaller than C that fulfill the requirements of the lemma.
Figure 6:
The scenario of the proof of Lemma 9: Case 1 (left) and Case 2 (right).
Case 1. The set 2 is nonemtpy.
For every path P 1 ∈ * 1 = 1,3 , part P
1 must intersect every path in 2 by assumption. Let C 1 C, C 1 ∈ {v 2 ,v 3 }|v 1 be the unique component where they mutually intersect.
We claim that the virtual edge {v 2 , v 3 } together with the component C 1 fulfills the requirements of the lemma.
If 1,2 = ∅, let P ∈ 1,2 and P 2 ∈ 2 . Assume for a contradiction that there exists a path P 1 ∈ * 1 such that P does not intersect P 1 in C • 1 . Note that P 2 and P must intersect in C
• by assumption and hence P 1 and P (2) are disjoint. Since P 2 intersects P 1 in C • 1 and P in C 1 (at least in vertex v 2 ), we can apply Lemma 3 (with paths P 1 and P, parts P (3) 1 and P (2) , and a connecting path contained in P 2 [C 1 ]) to derive a contradiction.
Next, we prove that every path in 2,3 ∪ intersects every path in 2 ∪ *
Let P ∈ 2,3 ∪ and P 2 ∈ 2 . Note that P 2 intersects P in C • by assumption if P ∈ .
Otherwise, P ∈ 2,3 , and they also intersect in C • , or not both P 2 and P could be longest paths by Lemma 4 for z = v 2 , a suitable part of P 2 [C 1 ], part P (2,3) ∪ P (3) , and connecting path P
1 for some P 1 ∈ * 1 . Furthermore, P must intersect P 2 in C • 1 . Otherwise, P 2 would have a part starting at v 2 completely in a component C ∈ {v 1 ,v 2 }|v 3 , If the set 1,2 is empty, then all longest paths contain v 3 , therefore v 3 is a Gallai vertex and the requirements of the lemma are fulfilled. So, from now on, we assume that the set 1,2 is nonempty.
First, we prove that for each P ∈ 1,2 , either P (2) intersects P
for every P 2 ∈ * 2 = 2,3 . Assume for a contradiction that there exist P ∈ 1,2 , P 1 ∈ * 1 , and P 2 ∈ * 2 such that P (1) does not intersect P
and P (2) does not intersect P
1 . By the assumptions of the lemma, P has to intersect both P 1 and P 2 in C • .
Therefore, P intersects P 1 in the interior of some component of do not intersect. By combining P (2) , P (2,1) v 2 P 1 , and a longer part of P 1 we get a path that cannot be strictly longer than L, hence
2 would be a path strictly longer than L if |P 
1 | since otherwise they would not be longest paths. The combination of P (1) 1 and P (1) is therefore a longest path in 1 , which is a contradiction. Therefore, P (1) intersects P
2 , or P (2) intersects P
We claim that if R (1) , for some longest path R in 1,2 , does not intersect P (3) 2 for some path P 2 ∈ * 2 , then for every longest path P ∈ 1,2 , part P (2) intersects P
1 for every path P 1 ∈ * 1 . Indeed, let P be a path in 1, 2 . Assume for a contradiction that there exists a path P 1 ∈ * 1 such that P (2) does not intersect P
1 . Note that P (3) 1 must intersect R (2) and that P (3) 2 must intersect P (1) . If P (2) lies in some component of {v 2 ,v 3 }|v 1 , then
is a path in 1,2 such that Q (1) does not intersect P
2 and Q (2) does not intersect P
1 , a contradiction. Analogously, if R (1) lies in a component of {v 1 ,v 3 }|v 2 , the path R (1) ∪ P (1,2) ∪ P (2) yields a contradiction. Thus, we may assume that both R (1) and P (2) lie in a component of C {v 1 ,v 2 }|v 3 and are therefore disjoint from P (1) except for v 1 and from R (2) except for v 2 , respectively. Now, we get a contradiction from Lemma 3 for longest paths R and P, parts R (2) and P (1) , and a connecting path contained in (P
Without loss of generality, we may assume that, for each P ∈ 1,2 , part P (2) intersects P
1 for every P 1 ∈ * 1 . Let C 1 ∈ {v 2 ,v 3 }|v 1 be the unique component where they mutually intersect. Note that the virtual edge {v 2 , v 3 } is indeed a virtual Gallai edge since the set 1 is empty.
Let P ∈ 1,2 and P 1 ∈ * 1 be arbitrary but fixed. Note that P 1 intersects P in C
Assume for a contradiction that there exists a longest path P 2 ∈ 2,3 ∪ such that P and P 2 do not intersect each other in C • 1 . Then not both P and P 2 can be longest paths by Corollary 5 for z = v 2 , part P (2) , subpaths P 2 [C 1 ], and connecting path P
1 , a contradiction.
Theorem 10
For every connected series-parallel graph G, there exists a vertex v such that all longest paths in G contain v.
Proof. This follows from Lemma 7 and by iteratively applying Lemma 9 since G is finite.
Algorithmic remarks
For any class of graphs for which there is a polynomial-time algorithm that computes (the length of) a longest path, it is easy to derive a polynomial-time algorithm that finds all Gallai vertices. Indeed, one just has to compute the length L of a longest path in the given (connected) graph G, and then to check, for each vertex v, whether the length of a longest path in G − v remains the same. If not, v is a Gallai vertex.
It is a well-known result that one can use dynamic programming to solve many combinatorial problems on graphs of bounded treewidth in polynomial or even linear time [1, 4] . In particular, a slight modification of Lemma 1 in [17] gives a linear-time algorithm to determine the length of a longest path in a connected series-parallel graph. Therefore, one can find all Gallai vertices in time quadratic on the number of vertices of the given connected series-parallel graph.
Related results and open questions
There are several questions related to Gallai's original question that remain open. For instance, it was asked [12, 24] whether there is a vertex common to all longest paths in all 4-connected graphs. This problem is open so far, and even the more general question for k-connected graphs with larger k has not been answered. There are 3-connected examples known for which Gallai's question has a negative answer [8] .
In [6] , where a proof that all 2-trees have nonempty intersection of all longest paths was presented, it was asked whether the same holds for k-trees with larger values of k. As far as we know, this also has not yet been answered. In the present paper, we proved that all connected subgraphs of 2-trees have nonempty intersection of all longest paths. We observe that the same does not hold for all subgraphs of 3-trees. Indeed, the counterexample by Walther and Zamfirescu in [21, 23] is a connected spanning subgraph of a 3-tree (see Figure 8 ). In other words, Gallai's question has a positive answer for connected graphs with treewidth at most 2 (series-parallel graphs), but a negative answer for connected graphs with treewidth at most 3. As series-parallel graphs are K 4 -minor free graphs, one might also ask whether the answer is positive for all (connected) K 5 -minor free graphs, but there are planar counterexamples known [18] .
As split graphs, circular-arc graphs, and 2-trees are all chordal, a natural question raised by Balister et al. [3] is whether all longest paths share a vertex in all chordal graphs. Recently, Michel Habib (personal communication) suggested that the answer to Gallai's question might be positive in co-comparability graphs. For this class of graphs, as well as for series-parallel graphs, there is a polynomial-time algorithm to compute a longest path [11] . (For chordal graphs, computing a longest path is NP-hard [14] .)
Instead of looking at the intersection of all longest paths, Zamfirescu also asked whether any p longest paths in an arbitrary connected graph contain a common vertex. This is certainly true for p = 2, proven to be false [15, 16] for p ≥ 7, but still open for p in {3, 4, 5, 6}.
